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ABSTRACT 

The theoretical foundation of the object moving faster than light in vacuum (tachyon) is 
still missing or incomplete. Here we present the classical foundation of the relativistic dy- 
namics including the tachyon. An anomalous sign-factor extracted from the transformation 



of J 1 — v? /c 2 under the Lorentz transformation, which has been always missed in the usual 
formulation of the tachyon, has a crucial role in the dynamics of the tachyon. Due to this factor 
the mass of the tachyon transforms in the unusual way although the energy and momentum, 
which are defined as the conserved quantities in all uniformly moving systems, transform in 
the usual way as in the case of the object moving slower than light (bradyon). We show that 
this result can be also obtained from the least action approach. On the other hand, we show 
that the ambiguities for the description of the dynamics for the object moving with the velocity 
of light (luxon) can be consistently removed only by introducing a new dynamical variable. 
Furthermore, by using the fundamental definition of the momentum and energy we show that 
the zero-point energy for any kind of the objects, i.e., the tachyon, bradyon, and luxon, which 
has been known as the undetermined constant, should satisfy some constraints for consistency, 
and we note that this is essentially another novel relativistic effect. Finally, we remark about 
the several unsolved problems. 
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I. INTRODUCTION 



According to the Einstein's special theory of relativity, the object moving faster than light 
in vacuum [1] (tachyon after G. Feinberg [2]) can violate the causality, i.e., the relationship 
between the causes and effects has no absolute meaning for the observers moving uniformly 
with each others [3,4]. Moreover, when the formulas of the energy and momentum for the 
object moving slower than light (bradyon [5]) are directly applied to the tachyon, the energy 
and momentum of the tachyon become to be imaginary-valued [4,6] implying that the tachyon 
is believed to be never detected by our ordinary bradyonic detectors if energy-momentum 
are also conserved in this process [7]. These were main objections to the existence of the 
tachyon. However, many years later, Bilaniuk-Deshpande-Sudarshan and Feinberg (BDSF) 
had suggested that these two difficulties can be avoided [2]: the first difficulty is avoided by 
introducing the imaginary-valued rest mass of the tachyon, which can not be ruled out in 
principle because the rest mass is not directly measurable quantity unless the object can be 
brought to rest, and by noting that there are no rest system for the tachyon according to the 
result of the usual Lorentz transformation. The second difficulty is avoided by introducing the 
so-called reinterpretation principle of " the negative energy state of the tachyon with reversed 
or backward time sequences " to be the positive energy state of the tachyon with ordinary or 
forward time sequences. However, the theoretical foundation of the suggestions of BDSF is still 
missing or incomplete although their suggestions were discussed by various authors [8], and 
further development on the quantum theory of the tachyon field theory [9] were followed. This 
is essentially due to the fact that their suggestions rely heavily on the formulas of the bradyon. 
In fact, the energy and momentum formulas for the bradyon can not be directly applied to the 
tachyon because some of the logics in the derivations of the formulas can not be true for the 
tachyon. Hence the separate derivations of the formulas for the tachyon from the first principles 
are required. Actually the incompleteness of the usual formulations was pointed out by several 
authors [10], but the complete formulation is still absent. 

In this paper we present the classical foundation of the relativistic dynamics including the 
tachyon. In Sec. II the principles of the relativistic mechanics are reconsidered for the case that 
there are tachyons as well as the bradyons. An anomalous sign-factor in the transformation 
of \Jl — u 2 /c 2 under the Lorentz transformation, which is unimportant for the bradyon and 
has been always missed in the usual formulation of the tachyon, has now a crucial role in the 
dynamics of the tachyon. Due to this novel sign-factor it is found from the consideration of the 
collision process that the proper-mass of the tachyon is not an absolute quantity in contrast to 
that of the bradyon but transforms as k,' = sign{l — u • v/c 2 }k. Furthermore, we show that 
the tachyon's mass has a definite sign for a given speed in a uniformly moving system, but has 
the sign changed depending on the tachyon's velocity and the relative motion of the systems S 
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and S'. 

On the other hand, by defining the momentum and energy as the conserved quantities of the 
presumed forms in all uniformly moving systems, we show that the zero-point energy e a for any 
kind of the objects of the both tachyon and bradyon, which has been known as the undetermined 
constant, should satisfy some constraints for consistency. Furthermore, especially for the case 
of e a = for all a as in the usual conventions, it is found that the energy and momentum, for the 
tachyon as well as the bradyon, satisfy the usual four- vector transformation such that the energy 
for the tachyon does not have the invariant sign of the energy, but the sign can be changed 
depending on the object's velocity and the relative motion of the two systems of coordinates S 
and S' in contrast to that of the bradyon. However, we note that this transformation formulas 
can not be obtained from the usual formulation of the tachyon in contrast to the usual belief 
such that the original motivation of the BDSF's reinterpretation principle, if it applies to our 
Nature, can not be found in the usual formulation but, only in our new formulation of the 
tachyon. 

In Sec. Ill we develop the least action approach to the tachyon dynamics by comparing the 
approach for the bradyon. Although it is not clear whether this approach can be also applied 
to the tachyon since the situation of At = for the time interval along the world-line can not 
be avoided for any tachyon such that there are some ambiguities in deriving the equation of 
motion. However, we show that this can be really also applied to the tachyon with the help of 
the reparametrization invariance of the action, and the essential results for the tachyon of the 
elementary approach of Sec. II can be also rederived in this approach. 

In Sec. IV we develop the least action approach for the object moving with the velocity 
of light (luxon) [11]. We emphasize that a new dynamical variable should be introduced as 
well as the velocity variable in order to describe the luxon dynamics without any ambiguity. 
Their physical meaning is uncovered by comparing the Einstein relation for the photon. It is 
shown that in this approach with the help of these new variables, the usual energy-momentum 
relation for the luxon is proved without any ambiguity, and the energy and momentum of the 
luxon also satisfy the usual transformation like as the tachyon and bradyon, which has not been 
proved in the usual classical mechanical formulation. Moreover, with the help of the energy 
and momentum transformation under the Lorentz transformation, the zero-point energy for the 
luxon should satisfy the same constraints as in the case of the tachyon and bradyon considered 
in Sec. II, if we maintain the definition of the energy and momentum as the conserved quantities 
for all the systems of coordinates and all the possible process of the collision like as the case of 
the tachyon and bradyon. Especially, for the case of the photon it's zero-point energy should 
be zero due to the fact that it is clearly the strictly neutral particles. 

Sec. V is devoted to summary and concluding remarks especially on the problems of causal- 
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ity violation, the Cerenkov effect in the vacuum, and the quantization. 



II. THE PRINCIPLES OF RELATIVISTIC MECHANICS 
INCLUDING THE TACHYON 

The space and time of a system of coordinates, in which the equations of Newtonian me- 
chanics hold well, and which will be denoted by stationary system S hereafter, are essentially 
defined by the measuring rods and clocks at rest relatively to this system without references to 
the motions and properties of the measured object. Moreover, the transformation law of the 
space and time from a system S to another system S' in uniform motion of translation relatively 
to the former with the relative speed to be smaller than that of light, is uniquely determined 
by postulating a) the two basic hypothesis, i.e., the principle of relativity and constancy of the 
velocity of light with b) some plausible assumptions on the structure of the space and time, i.e., 
the homogeneity of space and time, the isotropy of space and the validity of Euclidean geometry 
on this space and time, and c) tacit assumption that there exists at least one stationary system 
relatively to the observers for any motion of them. 

In the usual formulation of the relativistic mechanics, if the momentum of the point objects 

p = m(u) u (1) 

is essentially defined to be the conserved quantity in total for any stationary system S, the 
mass function m(u) is found to be 

™ u = / 2 

yjl - U 2 /C 2 

Moreover, the quantity of the energy having the form 

E = m(u) c 2 (3) 

is proved to be totally conserved [12], and as a result the principle of energy conservation is 
not independent on the principle of momentum conservation [13]. However, some of the usual 
methods of derivations of these formulas are valid only for the bradyon case essentially due to 
the non-existence of the rest system for the tachyon [13]. Therefore, we must carefully select 
the methods of derivation in order to include, from the start, the tachyon as well in the process 
of interaction of objects. Fortunately, there exists already an appropriate formulation for this 
purpose although the power of this formulation has been never well noticed [14]. Rather, this 
latter formulation has been believed to be worse than the former in the aspect of the economics 
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of the logic because the latter formulation assumes one more condition, which is actually equiv- 
alent to the principle of energy conservation, on the mass function m(u) in order to derive all 
the same results of the former formulation [15]. But, now, by using the latter formulation, we 
can discuss the mechanics of the tachyon from the start without any problem at the cost of the 
economy of the logic. 



A. The definition of the mass and the results drawn from it 



The theory of the mechanics can only be constructed by defining the mass of inertia of the 
point objects. In order to define the mass, let S and S' be two systems of coordinates with the 
relative velocity v, and consider a system of point objects composed of the tachyon as well as 
the bradyon in both S and S'. We fundamentally define the mass of inertia m of each object 
in the system S such that both 

E m « ( 4 ) 

a 

and 

E m « u « ( 5 ) 

a 

are conserved through all the possible processes of collision and in all the inertial systems of 
coordinates. Then, by representing as the velocity of a-th object in S', the mass of inertia 
of each object in S' is defined such that both 

E™« (6) 

a 

and 

E™X (7) 

a 

are also conserved through all the possible processes of collision. 

In order to find the explicit formula of the mass we first note that 



v |l-u a -v/c 2 | 



(8) 



y/l ~ gg y/l ~ gg 

{1 - u a ■ v/c 2 } sign{l - u a • v/c 2 } 
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from the well known usual velocity transformation formula 



u a = 



yjl — V 2 /C 2 U a + (U a • V) V [1 — yj\ — V 2 /C 2 ]/V 2 — V 



(9) 



1 - u a • v/c 2 

where we assume that if an object is observed in one system, then this object also should 
be observed in another system, which is uniformly moving relative to the former such that 
Eqs. (8) and (9) are always meaningful. Moreover, we only consider here the case of v < c, 
i.e., bradyonic motion of the system of coordinates since it is remainly doubtful whether the 
physically acceptable Lorentz transformation for the case of v > c exists or not [16]. Most 
importantly, the sign-factor of Eq. (8), which has no effect for the usual treatment of the 
bradyon, is now the novel effect of the tachyon. Then, using an identity from Eq. (8) 



! l-u'l/c 2 

1 =7 v_ al { \ 

\-u 2 Jc 2 



u„ • v 1 . r u„ 

sign <^ 1 



where 7 = 1/y 1 — v 2 /c 2 , and Eq. (9), Eqs. (6) and (7) can be rewritten as follows 
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^1-u'l/c 2 f u -vl . f u a -v 



(10) 



= 7 



C a 

1 - u>l/c 2 



V 1 - «5A 



U Q ■ V V 

U a + (7 - 1) o 



x sign < 1 — 



u„ • V 



(11) 



l + ( 7 -l)-v 



where 



m„ 



1 - u'i/c 



m a 1 



sign <^ 1 



u„ • V 



(12) 



Note that the transformation laws (10) and (11) are uniquely determined by applying our 
definition of the mass, i.e., if J2a m a and J2 a m a u a are conserved in S, this should be also true 
for J2a m ' a an d J2a m ' a u 'a * n ■ Hence, the mass transformation law (12) is unique. Without the 
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sign factor in Eq. (12), Eqs. (10) and (11) show that the conservation of J2a m a and Y,a m a^a 
does not always imply the conservation of J2a m ' a an d J2a m ' a u 'a- 

Now, it remains to obtain the mass function m satisfying the mass transformation (12) as 
a function of dynamical variables. To this end, we first consider the case of the bradyon, i.e., 
u\ < c 2 or equivalently u' 2 < c 2 . In this case, the mass transformation (12) is reduced to be 



or 



, x/ 1 - u 'l/c 2 

m a = m a (13) 

m a u 2 /c 2 = m' a \Jl — u'l/c 2 = frame independent constant. (14) 

By considering especially the object rest system with u a = 0, we can see that the frame 
independent constant, which should be an inherent property of the object, is nothing but the 
object's mass when it is at rest, i.e., rest mass m . Then, the mass for the non-zero velocity 
objects can be obtained as 

m a {u a ) = m ° a (15) 

Note that this does not depend on the direction of the objects' velocity, but only it's magnitude. 
Actually this property can be easily understood using the isotropy of the space. Suppose that 
there is a rest object in a system of coordinates S. Then, if there is the mass relation between 
the rest object and the object moving relative to the rest one for the same kind objects, the 
transformation function should not depend on the direction of the velocity of the moving object 
since all the directions relative to the rest object are equivalent due to the isotropy of the space 
(Fig.l). 

On the other hand, the situation is very different for the case of tachyon, i.e., u 2 > c 2 or 
equivalently u' 2 > c 2 . In this case the anomalous sign-factor in the mass transformation (12) 
becomes important. Due to this novel sign-factor, the quantity m a ^Jl — u 2 a /c 2 is no more the 
frame independent one. Rather the true frame independent quantity is the squared quantity of 
this, i.e., 

m 2 a {u 2 /c 2 — 1} = m' a {u' 2 a /c 2 — 1} = frame independent constant. (16) 

Now, by considering the system of coordinates when the object's velocity is u 2 = 2c 2 , we can 
see that the frame independent constant, which should be also an inherent property of the 
tachyonic object, is nothing but the square of the objects' mass at u 2 = 2c 2 . Then the square 
of the mass for the general velocity of the tachyon is determined as 

9 . , square of mass at u 2 = 2c 2 , „. 

= ui/c'-i — ■ (17) 



7 



But this formula does not determine the sign of the mass, i.e., when the mass function is 
expressed, without destroying the generality as follows 

m a = - (18) 
lul/c* - 1 



the sign of K a , which may depend on it's motion, is not determined but only K 2 a is found to be 
frame independent. 

Before we discuss the determination of the sign-factor, it seems appropriate to show that 
the mass function m a and hence K a may depend on the direction of the velocity in contrast to 
the case of the bradyon. This can be easily understood by the fact that any tachyon's mass is 
determined by comparing with the mass of the object with the same kinds having the velocity 
u 2 = 2c 2 and a definite direction. Hence, all the directions of the velocity of the general tachyon 
are not equivalent due to the asymmetry of the situation. So if there is any relation between 
the mass of the general tachyon with that of the tachyon of u 2 = 2c 2 , the function can be 
depend on the velocity of the tachyon relative to the tachyon of u 2 a = 2c 2 in general (Fig. 2). 

Now we discuss on the sign problem of the mass. To this end we first note that K a , which 
is called the proper mass of the tachyon, can be expressed as 

K fl = \K a \ ■ (sign-function), (19) 

where the magnitude of k, \n a \, does not depend on the direction of the tachyon's velocity 
since k, 2 is the frame independent constant, and hence only the "sign-function" may depend 
on the direction of the velocity as guaranteed by the asymmetry of the situation of the mass 
determination method. As for the sign-function, we first note that the tachyon's mass and 
hence the sign-function do not depend on the direction of the tachyon for a given speed. This 
can be understood by considering the collision process of the tachyon with the bradyon. If the 
mass of the tachyon depends on the direction of the velocity for a given speed, it should also 
be changed for the different orientations of the coordinates (Fig. 3). But, this is not allowed in 
order that the total energy and momentum of Eq.(4) and (5) are conserved in any orientation 
of the coordinates because the bradyon's mass is independent on the direction of the velocity. 
Hence, the tachyon's mass has a definite sign for a given speed in a uniformly moving system. 
However, the sign itself can not be determined a priori but only by actual measurement for a 
given situation. For the method of determination of the mass, we can imagine that the sign is 
uniquely determined by considering the collision-process between the tachyons having the given 
speed, with the bradyon operationally since the bradyon has a definite sign of the mass for any 
motions. However, for the different velocity the sign of the mass can be changed depending on 
the direction and the magnitude of the tachyon's velocity relative to the relative motion of the 
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system of coordinates according to Eq. (12). In the expression of the tachyon's proper mass 
K a , the Eq. (12) implies 

K a = < s ign{l-^} (20) 
since the mass in the system S' also should be expressed as 

K = i K ' a (21) 

due to the principle of relativity. Hence the proper mass of the tachyon is not an absolute quan- 
tity in contrast to that of the bradyon. This is the novel feature of the tachyon. Furthermore, 
we note that although the sign-factor of Eq. (20) is ill-defined for the case of 1 — u ■ v/c 2 = 0, 
i.e., u' a = oo from Eq. (8) or (9) such that the sign of n' a is ill-defined in this case, the directly 
measurable quantity m' a is well-defined according to Eq. (21): m' a becomes zero in this case for 
any finite K a , which is expected to be the only physically realizable case. 

B. Energy-momentum transformation law and it's implications 



We define momentum as the quantity 

p a = m a (u a ) u a , (22) 

which is conserved through all possible process of collision and in all systems of coordinates for 
the a'th object. 

Moreover, we fundamentally define the (kinetic) energy E a of the object such that the 
change of the mass of the object between one state of motion A and another state of motion 
B is completely spent to change the energy of the object, i.e., 

m a (B) c 2 - m a (A) c 2 = E a{B) - E a{A) . (23) 

Then, the energy has the expression as 

E a = m a (u a ) c 2 + e a , (24) 

where e a is the integration constant, which is inherent to the object and hence may be different 
for the different species of object generally, and is related to the choice of the origin of the 
energy such that it may be expected that they have arbitrary values [4]. However, by defining 
the energy also as the conserved quantity for all the possible processes of collision and all the 
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systems of coordinates, we can obtain some constraints about the value of e a . To this end, let 
us first note that Eq. (11) can be rewritten as 



E KX) = 



l + ( 7 -l)-v 



^(m a u a ) 



(25) 



E ( m « C 7^E £ « 



or 



l + ( 7 -l)_v 



(26) 



L a ° a 



Now, in order that through the process of collision the total momentum is conserved in S', we 
must also have the conservation of J2a e a, i- e -, 



M N 

E e «* = E e 



(27) 



a,-=l 



af=l 



for the In state i and Out state /, as well as the total energy and momentum in S (Fig. 
4). Here it is easy to see, by considering the pair-creation processes, that e a = for the 
strictly neutral particles, which are defined as the object having the property of " particle 
= antiparticle " [17], but e a ( part icic) = — e a (antiparticie) in the other cases. In the latter cases, 
the value of e a itself is remainly undetermined. Furthermore, note that this is essentially the 
relativistic effect, which has not been known before: the last term in Eq. (26), which is crucial 
to this effect, does not appear in the non-relativistic limit of v — > 0. 

Independently with this argument, we consider, now, the transformation law of Eq. (10). 
By noting that Eq. (10) can be reexpressed as 



a a 

we obtain the following relation 



E (rn a c 2 + e a ) - E e " ~ v ' E ( m » u «) 



(28) 



E^a-v-Ep-E e » 



(29) 



where 



E' = m'c + e'. 



(30) 
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Hence the total energy is also conserved in S' through the process of collision, when the total 
energy and momentum are conserved in S only if the integration constant is also conserved in 
S' since we already know it's conservation in S form Eq. (27). Due to this conservation of e' a 
in S' the constraints on it's value described in the below Eq. (27) are universally valid in all 
systems of coordinates. 

Furthermore, note that these results for the property of e a is valid for both the tachyon and 
the bradyon. It will be shown later in Section IV that these are also true for the case of the 
luxon. 

When expressed with the total momentum and energy, Eqs. (26) and (29) with e a = as 
in the usual treatment, now become 



P' = 



l + ( 7 -l)- 



v ^ 

7^- 



(31) 



E > = 7 [£- p . v ], 



where 



E 



(32) 



(33) 



E' 



and the single point object also satisfies the same transformation law. The transformation 
law (32) shows that the sign of the (total) energy may be changed when the (center of mass) 
velocity u is faster than that of light because 



E' = 7 E \l 



u ■ v 



(34) 



for the (center of mass) single object such that p = (E/c 2 )u. 

Although this has been known as the novel feature of the usual tachyon theory, but this is 
actually not the case, i.e., this phenomena can not be obtained in the usual formulation. To 
see this we note that in the usual formulation [2,8,9-11] the momentum and energy of the point 
objects are assumed to be 

fx u 



P = 



E 



^Ju 2 /c 2 - 1 ' 



fjL C 



(35) 
(36) 



where \x is constant, and is the same for all system of coordinates. The latter point is essentially 
due to the fact that the formulas (35) and (36) are obtained from the usual formulas (l)-(3) of 
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the bradyon by substituting simply m — > ipL such that p and E are real- valued for the velocity 
faster than that of light. With the help of the formula (8) we can easily see that 



P' = 



l + ( 7 -l) v 



7 



} 2 E] sign{: 



u ■ v 



E' = 7 (£-p.v)signjl-^J. 



Hence the energy for the single object case becomes 

u ■ v 



E' = 7 E 



(37) 



(38) 



showing that the sign of the energy does not change for any motion of the tachyon. There- 
fore the usual belief that the so called reinterpretation principle for " the state of tachyon of 
negative energy and reversed time sequence " of BDSF is needed to avoid the problem of the 
negative energy simultaneously with the causality problem is misunderstanding due to their 
wrong formulas of the usual formulation for the tachyon. Hence the original motivation for the 
BDSF's reinterpretation principle, if it applies to our Nature, can not be found in the usual 
formulation but only in our new formulation of the tachyon. Furthermore, as it is clear from the 
formula (37), total energy and momentum may be non-conserved in one system of coordinates 
although conserved in the other systems within the usual formulation [18]. It follows from this 
result that the tachyon can not be represented by simple replacement m — > ifi in contrast to 
the usual belief. 

In addition we would like to remark that although there is the anomalous sign-factor in the 
mass transformation formulas (12) or (21), E 2 — c 2 p 2 is Lorentz invariant, and (E, cp) forms a 
four — vector for the tachyon as well as the bradyon. 



III. LEAST ACTION APPROACH TO THE TACHYON 

DYNAMICS 

In the previous section we have considered the tachyon dynamics in the most elementary 
way. Now, we reconsider the topics of the previous section in a more mathematical framework, 
i.e., the least action principle approach, and the results of the previous section will be rederived 
in this formulation. It is well known that the relativistic dynamics of point bradyon can be 
elegantly described by the least action principle. Moreover, remarkably the formulation of the 
free bradyon can be uniquely described by considering some Lorentz invariant quantities and 
presumed properties of the free objects, i.e., the only dynamical variables should be the velocity 
u of these objects although the interactions with other fields of force are not uniquely defined 
unless more informations or restrictions are not given [19]. 
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However, as it will be clear later, the applicability of the approach for the tachyon and luxon 
is not trivial matter. These problem will be treated in this and next section, where it will be 
shown that the least action principle is also applicable to the case of the tachyon and luxon. 

A. The world-parameter 

For the usual bradyonic object there is an invariant parameter r, which is called the proper 
time of this object, such that 



with the help of the usual velocity transformation of the bradyon and the parameter very useful 
to parameterize the world-trajectories of the relativistic point objects with the Lorentz invariant 
fashion. So we can expect that it would be also useful to introduce similar parameter for the 
world-trajectory of the tachyon in the formulation. 

To this end, let us introduce the world-parameter w describing the world-trajectories of 
the relativistic point objects including the tachyons as well as the bradyons unifiedly by the 
infinitesimal increment 



for the infinitesimal interval in the world-trajectory of the object. Here we use x M = (ct, x), x ll = 
Vfj.uX u = (ct, — x), and rj^ = diag(+l, —1, —1, —1). By the general velocity transformation law 
(8) and the usual Lorentz transformation, which are also valid for tachyon as well as the 
bradyon, the transformation law of c dw becomes 




cdr' 



(39) 




(40) 




(41) 




sign{l 



u ■ v 



— }c dw. 



c 



Therefore, the world-parameter transforms as 



w = signjl — \w 



(42) 
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by choosing appropriate origins of w and w' using the homogeneity of the time t. Note that 
w is not Lorentz invariant any more, but a pseudo-Lorentz invariant, i.e., Lorentz invariant 
up to a sign-factor [20], while w 2 is the Lorentz invariant as in the usual case. Especially, for 
bradyonic case the world-parameter w itself becomes to be Lorentz invariant for any uniform 
motion of the system, and is reduced to the usual proper time r, i.e., the time measured by a 
clock which being rest at the objects. Although this interpretation is not possible for tachyon 
case, but we can say that w has the same value of the time (interval) of the tachyon measured 
by a clock (of course, being made of bradyons) whose velocity is a/2c relative to the tachyon. 
Moreover, in this case if we introduce the real valued world-parameter A by A = — iw such that 

cd\ = cdt ^u 2 /c 2 - 1, (43) 

then A transforms as 

A' = sign{l - ^}A, (44) 

where the anomalous sign factor can not be neglected. Here we note that the real parameters r 
and A can be used to parameterize the length of the world trajectories of bradyon and tachyon, 
respectively. 

Before ending this subsection it seems appropriate to comment on our choice of the world- 
parameter as Eq. (40). In the usual formulation of the relativistic point bradyon, the two 
definitions 

cdr = dt^(dx^dx^)/(dt) 2 = c dty/l - u 2 /c 2 (45) 

and 

cdf = ^Jdx^dXf, = Idtl^Jidx^dx^/idt) 2 

= c \dt\^l-u 2 /c 2 (46) 

are interchangeably used. This is essentially due to the fact that, for the case of the bradyon 
the sign of dt and hence the order of events are Lorentz invariant. Due to this fact, both r and f 
equally describe the trajectory invariantly. Note that the time direction of the world-parameter 
can be chosen to be the same as that of t for r, or always positive for both the positive and 
negative direction of t for f, and moreover this assignment of the sign is Lorentz invariant. 
Hence, in this case the two parameters have the equivalent role. Mathematically, this fact can 
be expressed by the fact that both r and f are Lorentz invariant [19]. 

However, this situation is drastically changed for the case of the tachyon. In this case w in 
Eq. (40) and other definition similar to Eq. (46) as 

c dw = ^dx^dx^ = \dt\yj (dx^dx^) / (dt) 2 

= c \dt\^l-u 2 /c 2 (47) 
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have different role each other, and so can not be used interchangeably. Since the sign of dt 
for the tachyon is not Lorentz invariant, w is not Lorentz invariant although w is. However, 
essentially because of this fact, w can not be used as the world-parameter for the tachyon. Note 
that since w is blind for the time reversion, which is always possible for the tachyon, w can 
not describe the time reversion phenomena of the tachyon, but w is not the case. So we can 
conclude that the definitions (40) and (45) are more fundamental than those of (46) and (47). 
This is the reason why we does not introduce the Lorentz invariant parameter w as the world- 
parameter but introduce the parameter w, which is not Lorentz invariant, as in Eq. (40). This 
situation is comparative to that for the classical theory of the pair-creation or annihilation of a 
particle and it's anti-particle of Stueckelberg and Feynman [21], where f is more favored than r. 

B. The world- velocity and acceleration 

Now, using the world-parameter w we can define the world- velocity describing the 
tachyon as well as the bradyon unifiedly, as follows 



Then, due to the four- vector property of the quantity dx^ and the pseudo-scalar property of 
dw, the world- velocity becomes the quantity of the pseudo four- vector, and it's components 
are given by 




(49) 



where u = dx/dt. This transforms under the Lorentz transformation as 



U 





1 



(50) 



sign{l — u • v/c 2 } 
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where K^ u is the general Lorentz transformation matrix, for the velocity v of the system S' 
relative to the system S, without rotation as 



dx" 1 = A" v dx v , (51) 



with components 



A°o = 1/^1 -v 2 /c 2 , 



A l = A°j = (v*/ c)/y 1 — v 2 / c 2 , 

. .{l/Jl-v 2 /c 2 -l) 
v 2 



(52) 



For the bradyon, the world- velocity becomes the usual velocity four- vector u M (r), which 
is tangential to the trajectory with increasing r. In this case, u M is time-like, i.e., u^u^ = c 2 > 0. 
On the other hand, the corresponding quantity t M for the tachyon, which is real-valued, being 
defined as follows 

I c dt <ix\ 



dX ' dXJ 

c u 



^Ju 2 /c 2 — 1 \ju 2 jc 2 



(53) 



is the tangential to the world trajectory with increasing A, and is space-like, i.e., t^t^ = — c 2 < 0. 
The transformation laws for these two distinct cases are given by 

*** = ■ X1 1 htAV. (54) 

signjl — u ■ v jc A ) 

As an another independent kinematic world-quantity, we introduce world-acceleration vector 
A^ as follows 

# , f- . (55) 
dw 

Then due to the pseudo- vector property of W 1 and pseudo-scalar property of w, the world 
acceleration A^ becomes the four-vector, i.e, it transforms the same as dx^ under the Lorentz 
transformation, as usual. It's components are given by 

' c d 2 t d 2 x\ 



A» = 



dw 2 ' dw 2 J 

u • a a (u • a) u 



C (1 — M 2 /c 2 ) 2 ' 1 — U 2 /c 2 C 2 (l—U 2 /c 2 y 



(56) 



16 



with the square magnitude of the four-vector 

A^AjJ, 



a 2 c 2 + (a • u) 2 — a 2 u 2 



c\\-u 2 jc 2 f 

(57) 

{a 2 c 2 — a 2 u 2 sin 2 0} 



c 2 (l-« 2 /c 2 ) 3 ' 

where <fi is the angle between the three-velocity vector u and three-acceleration vector a = 
du/dt. And this world- acceleration vector is the vector which is normal to the tangential 
vector Ufj,, i.e., 

U»A» = U^ — = (58) 
dw 

from the relation U^dW/dw) = (l/2)d(U l M^)/dw and 

U^W = c 2 . (59) 

For the bradyon, the world-acceleration vector coincides with the usual four-acceleration 
vector a M as 

* = = * (60) 

dw dr 

because W = and w = r in this case. The square of the a M is always negative definite due 
to the two facts: 

•\ 2 2 2 2 • 2 i v. 22 2 2 ^ n 

lj a c — a u sin <p > a c — a u > 0, 

ii) (1-m 2 /c 2 ) 3 > (61) 

,ie., a M is the space-like vector (Fig. 5). 

On the other hand, for the tachyon, an interesting new phenomenon occurs. In this case 
with the reasonable definition of the acceleration vector 

u dP dU» 

* s lx = -to—" (62) 

since t M = i and A = — i w in this case, the norm of af is not always negative value due to 
the two facts: 

< < c 2 

i) a 2 c 2 — a 2 -u 2 sin 2 — depending on sin 2 -, 

> > u 2 

(63) 

ii) (l-u 2 /c 2 ) 3 < 0. 
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Rather is space-like or time-like or light-like depending on the value of angle <p for a given 
velocity u (Fig. 6). 

C. Least action approach to the tachyon dynamics 

In the least action approach one fundamentally assume that one can define a world-scalar 
action by which we obtain the covariant equations of motion of the interested objects by apply- 
ing an invariant principle, i.e., the least action principle. Therefore, it is essential to find the 
Lorentz invariant combination called the action, which is appropriate for the system considered, 
or introduce some new parameters and variables such that the action is Lorentz invariant to 
proceed this approach if there is no non-trivial form of the Lorentz invariant action with the 
given dynamical variables. 

Now, since for the free objects the only dynamical variables are U^, the possible candidate 
for the invariant combinations are W M U^, (W M U^) 2 , etc. . However, unfortunately only these 
terms are not appropriate for the description of the dynamics because these terms are nothing 
but the power of non-dynamical universal constant c from the relation (59). Since these are all 
the possible Lorentz invariant combinations from the dynamical variable li^, we must consider 
the other possibilities to construct the Lorentz invariant action. To this end we first consider 
the world-parameter w. However, since this is not Lorentz invariant but pseudo- invariant, we 
must introduce some pseudo-invariant coefficient to cancel out the additional sign-factor which 
comes from the transformation law of w, and hence make their product Lorentz invariant. 

Let us define the Lorentz invariant world-action J describing the tachyon as well as the 
bradyon formally, as 

J[ Wu W2 ] = - / W U^K dw = -c 2 K dw (64) 

Jwi Jw\ 

where K has the mass dimension, and has pseudo-invariant property under the Lorentz trans- 
formations (51) and (52), i.e., 

K' = signjl-^jtf (65) 

such that the product of K and dw is Lorentz invariant. We call K as " the world- mass 
parameter ". Moreover, note that the combination JU^dx^ reduces also to the form of (64). 
This is our fundamental assumption of the least action approach to the general dynamics of 
the free objects with the tachyon as well as the bradyon. When expressed by the three- velocity 
u with the relation (40), the world-action becomes 

J = -c 2 f 2 Ky/l - u 2 /c 2 dt, (66) 
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which explicitly shows the reparametrization invariance t 
ing function t(t) such that 



dt 
di 



dt 
di 



t(t) for the monotonically increas- 



(67) 



is satisfied for all the time t. With the help of the reparametrization invariance the least action 
principle can be also applied to the tachyon without any ambiguity as well as the bradyon. For 
the bradyon, the usual (virtual) variational method to derive the equations of motion with the 
fixed time t is well defined for any bradyonic trajectory since the time interval At = tA — t B 
for any two events A and B along the world-line of the object is always non-zero such that the 
derivatives by u dt" have no ambiguities. 

By defining the Lagrangian L(t) for the bradyon with the physical time t as 

J[ ti, t 2 ] = f 2 L{t) dt (68) 
Jti 

with 



L{t) = -m oC yi - u 2 /c 2 

and the canonical linear momentum p(i) as 

d L[t) d L(t) 



P(t) 



m u 



d (dx/dt) d u ^\-u 2 /c 2 



the equation of motion becomes 

from the least action condition 

= 5J( h, t 2 ) 



^ = 

dt 



(69) 



(70) 



(71) 



*2 



5L(t) dt 



(72) 



d L 
d x 



d 
di 



d L 



d (dx/dt) 



■ 5x dt 



with the auxiliary condition 



<?x(*i) = 5x(t 2 ) = 



(73) 



under the fixed time (virtual) variation (Fig. 7). Here we designate the world- mass parameter 
by the Lorentz invariant mass mo since in this case K is not the pseudo-scalar any more but 
only a Lorentz scalar. The corresponding Hamiltonian becomes 

H(t) = p.u-L= / m ° C \ , (74) 



^l-u 2 /c 2 
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which is also constant in time for the system when 

d L 



dt 







(75) 



is satisfied, which is actually the case of ours. Furthermore, since the action (68) and the least 
action principle (72) are Lorentz invariant, the conservation law of the momentum p and energy 
E are also satisfied in all uniformly moving systems as in the case of the previous section. For 
many objects case, the conserved ones are found to be the total momentum and energy. 

On the other hand, for the tachyon this approach is more involved, i.e., the usual variational 
method to derive the equations of motion with fixed time t has some problem in this case. This 
is essentially due to the time interval At = ts — tA between two events ^(leaving of the tachyon) 
and B (arriving of the tachyon) along the world-line of the object always vanish for the infinite 
velocity tachyon, which is called transient tachyon [8], such that there are some ambiguities 
in deriving the equation of motion. Furthermore, since any tachyon can be made to have the 
infinite velocity by choosing an appropriate system of coordinates, it seems that this problem 
can not be avoided for any tachyon (Fig. 8). However, this problem can be overcome by using 
the reparametrization invariance. 

To see this, we note that the world-action (66) parameterized by the tachyon's world- 
parameter A of Eqs. (43) and (44) becomes 



J = c 2 



*2 



tl 



1 



1 fd* 

<? [ ~dt 



1 dt 



= c 2 r 

Ju 



(ix 
dX 




dX 



A 2 

C I K 

/Ax 



\ 



(ix" 
dX 




dt 



dX, 



dt 



(76) 



where we have introduced the mass parameter k, = —iK, which should be real-valued in order 
that the action is real- valued [22], and has the same transformation law as that of K, i.e., 



k = signjl ^-|k. 



(77) 



Here, we have used the fact [23] 



dX 
~di 



^fu 2 /c 2 - 1 > 0. 



(78) 
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Now, in this parameterization there is no singular case of AA = because AA has an 
invariant magnitude and AA is non-zero for any tachyon, including the transient tachyon as 
well, for any two different points along the world-line. The singular point of At at u = oo 
is transferred to the singular point of AA at u — c, i.e., the case of luxon such that there is 
no problem for the tachyon only case. Now, with the help of this property, the least action 
principle can be also applied in this case by adopting the fixed A (virtual) variations (Fig. 9) 
without any ambiguity . 

By defining the Lagrangian L(X) with the parameter A as 



J[K A 2 ]= f X2 L(X) 



dX 



(79) 



with 



L(X) = kc 2 
the equations of motion become 

= 



\ 



dX 



dX 



(80) 



d L 


d 


d L 


d 


d L 


dt 


~ dX 


d (dt/dx) 


dX 


d {dt/dX)_ 


d L 


d 


d L 


d 


d L 


d x 


~ dX 


d (dx/dX) 


~ ~dX 


d (dx/dX) 



(81) 
(82) 



from the least action condition 



= 5 [X] J[X 1 , X 2 ]= ( M 5 [X] L(X) dX 

J Ai 



A 2 
Ai 



d L 
~dt 



d_ 

dX 



d L 



S [X ]t 



d L 
d x 



d_ 

dX 



d L 



d (dx/dX) 



_d (dt/dX) 
with the auxiliary conditions 

5 [x] ^(Ax) = S [x] x»(X 2 ) = 0, 

and where 5[ X ] represents the variation with fixed A. In this case the quantity 

k (dx/dX) 



<J [A ]X \ dX (83) 



(84) 



n(A) = 



d L 



d (dx/dX) ^(dx/c dX) 2 - {dt/dXf 



can be considered as the canonical momentum, which is conserved with respects to the evolution 
of parameter A in all the uniformly moving systems because the conservation law (81) is satisfied 
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in all uniformly moving systems due to the invariance of the world-action (79) and the least 
action principle (83). When expressed in the three- vector u, 11(A) becomes 

n(A)= = = =p(0, (86) 
Ju 2 jc 2 — 1 

which is formally the same result as in the previous section. 
Furthermore, the quantity 

- n °W - -tw^tu = ; K ° 2 (dt/dX) (87) 

9 (dt/dX) ^(dx/c d\) 2 - (dt/dX) 2 

can be considered, with respect to the evolution of the parameter A, as the energy, which is 
conserved invariantly like as the energy of the bradyon. When expressed in the three- vector u, 
— n°(A) becomes 

n°(A)= *f =E(t), (88) 
lu 2 /c 2 — 1 



which is also formally the same result as in the previous section. However, actually the re- 
placement of the functions of A, 11(A) and —II (A) with the functions of t, pit), and E(t) is 
non-trivial matter because A may not be a function of t in the mathematical rigor although t is 
the function of A generally by having in mind the infinite velocity tachyon (Fig. 10). Hence the 
replacement of Eqs. (86) and (88) should be understood as p(t) = p(£(A)) and E(t) = E(t(X)). 
Moreover, in order to prove that they are also the conserved quantities, i.e., constant, with 
respect to the physical time parameter t " without any ambiguity " , let us consider the change 
of p( t(A) ) and E( t(X) ) in a small interval of A along the world-line 

dp(t(X)) = p(f 2 (A 2 ) )-p(ti(Ai) ), 

dE(t(X)) = E(t 2 (X 2 ))-E(t 1 (X 1 )), (89) 

where A 2 = Ai + dX. Then, by using the equations of motion (82) and (83) we can easily see 
that 

dp(t(X)) = ^dA = 0, 

(90) 

dE( t(X) ) = (^j dX = 

for any dX and hence for any dt implying that p and E are really the conserved ones with 
respect to the time t along the world-line for the transient tachyon also as well as the other 
tachyons. 
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Therefore, in this section we have shown that the least action principle can be also applied to 
the tachyon, and moreover by introducing this principle we have reproduced the essential results 
for the tachyon of the previous section, i.e., the energy and momentum formula and the mass 
transformation formula only by considering the single object case and without consideration 
of the many objects collision processes, which has been essential to derive the results uniquely. 
This corresponds to a merit of the least action approach. However, for the determination of 
the zero-point energy of the point object in the previous section, it seems that the elementary 
approach of that section is more clear and simple, and so this will not be reconsidered in this 
section. Finally, we note that the results of the tachyon as well as the bradyon have been 
obtained independently on the existence of the luxon. 

IV. THEORY OF THE LUXON 

For the description of the point-like object moving with the light velocity, i.e., luxon, the 
analysis of the previous two sections can not be directly applied to it, as a limit case of Urn u — > c 
without any ambiguity. This can be easily seen by considering, for example, the formula (70) 
and (74) of the momentum and energy of the bradyon for the case of lira u — > c in all uniformly 
moving systems. In this limit, both p and E are ill-defined: 

a) for non-zero proper-mass luxon, only the infinite value of p and E are allowed in any 
systems. This luxon is not believed to be detected in our essentially finite-mass bradyonic 
detectors, and hence is unphysical objects, and 

b) for zero proper-mass luxon, both p and E has the form of 0/0 and hence they are also 
ill-defined unless we know the explicit pattern of m Q — > as u — > c [24] . 

Furthermore, since both p and E are ill-defined, their any interrelations are also ill-defined 
such that the usual formula of the luxon 

E = pc (91) 

can not be justified in " a purely mechanical sense " although it is satisfied for all examples of 
luxon as far as we know [25]. These facts are also true for the limit u — > c from the tachyon 
formulas. Hence, both the bradyon and tachyon have ill-defined limits of u — > c. Actually 
this fact is not surprising because all derivations of the previous sections II and III can not be 
justified for the case of the luxon with mathematical rigor. Hence, for the consistent description 
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of the luxon, an independent theory is needed. 



Least action approach to the luxon dynamics 

With the help of the least action principle, we can naturally and easily construct the theory 
of luxon without any ambiguity. To this end, we first note that the world-parameter w is not 
appropriate for the description of the world-trajectory of the luxon because 



i) Aw = At yjl — u 2 / c 2 = At ■ = for any time interval At with | At\ < oo and 

ii) Aw = At ■ has ambiguous value for \At\ = oo. 

Here Aw = wb — wa, At = ts — tA are differences of their values for any two events 
^(leaving of luxon) and ^(arriving of luxon) along the world-line. Furthermore, due to this 
fact we note secondly that from the previous formula (49) the world-velocity of the luxon 
has the indefinite values 

where k is the unit propagation vector and hence is not appropriate for the description of 
the dynamics of the luxon having the well-defined definite velocity by definition. 

In order to avoid this problem we introduce a real-valued parameter 77 describing the tra- 
jectory of the luxon x M = 2^(77) by 

d/X^ doc doc^ doc ^ 



drj drj 




(93) 



with the condition 




— I < 00 (94) 



such that Eq. (93) characterizes the case of the luxon. Then, in order that these defining 
relations are Lorentz-covariantly valid, some restrictions on 77 are needed. By defining the 
Lorentz transformation of i] as i]' = 7/(77), ^.e., the transformation law of 77 under the Lorentz 
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transformation can be expressed as is independent of the space and time coordinates of the 
objects, the relation (93) is covariantly satisfied as follows 

(95) 



dec^ dec dec dec ^ 



dr]' dr]' drj dr] \dr) 




only if 




< oo 



(96) 



,i.e., the Lorentz transformation rj' = r]'(r]) is a non-singular transformation. Furthermore, the 
condition (94) is also covariantly satisfied as follows 




dt 



dx. 



^ \dr]' c 2 dr]' 



r i- 




< oo, 



(97) 



only if Eq. (96) is satisfied. Hence, only if we consider non-singular transformation r]' = 
?/(?7) under the Lorentz transformation, the defining relations (93) and (94) can be satisfied 
covariantly. Now, by defining the null-velocity vector of the luxon Z M as 



P = 



dx^ 
dr] ' 



(98) 



the possible candidate for the invariant combinations from this velocity vector are (l^l^) 2 , 
etc.. Although it seems that the property of 



n. 







(99) 



make these combinations inappropriate as the building blocks of the Lorentz-invariant action at 
first, this is not the case because this equation is a dynamical equation in contrast to the non- 
dynamical mathematical identity (59) of the bradyon and the tachyon: Eq.(99) does express 
that the velocity of the luxon is always the light velocity which being the only mechanical 
property of the luxon [26]. Hence the action of the luxon, if it exists, should provide the 
equation of motion (93) or (99). 

To realize this scenario we introduce a variable £(77) into the action of the luxon by 



Jim, m] = ~\ ri%idr] 



(100) 
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analogous to K in Eq.(64), but now £ is not the pseudo-scalar or scalar in general rather it's 
transformation under the Lorentz transformation is the same as "drf\ i.e., 




(101) 



drj J \dr) 

in order that the action (100) is Lorentz invariant. Here the factor 1/2 in front of the action is 
introduced for convenience. Note that although by varying J with respect to £ we can recover 
the equation of motion of luxon (93) or (99), the variable £ should not be considered as an 
auxiliary field as in the case of usual 'emfem' formulation [27]. This means that the equation 
of motion with respect to variation of £ should not be implemented back into the action (100) 
as in the case of auxiliary field: if it is implemented to (100), the action becomes vanishing, 
which does not show any dynamics of the luxon. So we emphasize that the new variable £ is 
not an auxiliary one although there is no derivatives of £ with respect to rj in our formulation 
[28]. Moreover, we note that the Lorentz transformation of £, Eq.(lOl) implies the invariance 
of the action (100) under the reparametrization 



T) -> 77(77) 



(102) 



if the variable £ does not distinguish the variation of rj under the Lorentz transformation and 
that of under the reparametrization, i.e., 



drj 



(103) 



Note that this assumption is plausible since £ is the function of only rj. Hence, the Lorentz 
invariance implies the reparametrization invariance in this case. 

Now let's consider their all equations of motion. By defining the Lagrangian L(rj) of the 
luxon with the parameter 77 as 

f7£2 

)r\\ 

with 



J\ Vi, m}= L(v) dr] 



(104) 





the equations of motion become 



= 



d L 
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d L 
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d L 


dt 


drj 


d {dt/dr,)_ 


drj 


d {dt/drj)_ 


d L 
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d L 
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d L 
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drj 


d (dx./dri) 


drj 


d (dx./drj) 



(105) 

(106) 
(107) 
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from the least action condition 



rm 

= 5 H J\ 771, m]= ${v] L (v) dv 



12 

m 



d L 



d 
drj 



d L 



d (dt/drj) 



5[ v ]t + 



dL 
<9x 



d_ 

drj 



d L 



d (dyi/drj) 



with the auxiliary conditions 



In this case the quantity 



<J w x \ drj (108) 



(109) 



n(77) = 



d L 



(110) 



d (dx/drj) drj 

can be considered as the canonical momentum, which is conserved with respect to the evolution 
of parameter 77 in uniformly moving systems from the same reason as in the case of the tachyon. 
When expressed in the three-vector u = ck with unit propagation vector k, 11(77) becomes 

' dt 



11(7?) 



drj 



£ck, 



(111) 



which is invariant under the reparametrization (102) and (103). 
On the other hand, the quantity 

d L ( dt\ 



-n (77) = 



d (dt/drj) \drj ) 



112) 



can also be considered as the conserved energy with respects to the evolution of parameter 77 
invariantly, and also is invariant under the reparametrization (102) and (103). Furthermore, 
since 77 can always be considered as a function of t due to the condition of (94), it is trivial to 
represent the functions of 77, 11(77) an d n (77) as the functions of t as 



nfa)=p(t), -U (r]) = E(t) 



such that 



dp(t) _ Q dE(t) 







113) 



114) 



dt dt 

are satisfied, i.e., p(t) and E(i) are conserved quantities with respect to the evolution of the 
time t. Note that we have now expressed the dynamical quantities of the luxon without any 
ambiguity by the function 



(dt/drj) e, 



(115) 
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which is the reparametrization invariant, and by the propagation vector k. Hence the essential 
role of £ is that it acts as a new dynamical parameter or variable when combined with the 
quantity (dt/drj) for the unambiguous description of the system of the luxon. 

Furthermore, it is easy to see that the momentum and energy formulas (110)-(112) really 
show the usual energy-momentum relation for the luxon 



E' z - p 2 c 2 = 0, 



(116) 



and the transformation under the Lorentz transformation 

, ^dx.' ^dx.' 
' drj' drj 



l + ( 7 -l)_v 



^dx V 2 ^dt 

drj ^ c 2 drj 



E' 



l + ( 7 -l)-v 



dt' 
drj 



dt' 
' drj 



v 



(117) 



\ drj drj j 



= 7 (E-p-v) 



according to the Lorentz transformation (101) of rj and £ without any ambiguity, which has been 
impossible with mathematical rigor due to the ill-defined nature of the energy and momentum 
of the bradyon and tachyon for the luxon limit. 

Now, with the help of this energy and momentum transformation, we can easily prove by 
considering the collision process of the arbitrary number, and kind of the luxons should satisfy 
the same constraints as in the case of the tachyon and bradyon of Sec. II if we maintain 
the definition of the energy and momentum as the conserved quantities for all the systems of 
coordinates and all the possible process of the collision. Especially, for the case of the photon it's 
zero-point energy should be zero due to the fact that it is clearly " the strictly neutral particles 
". Furthermore, due to the transformation (117) we can also define the four-momentum 

f = (E, cp) = cffQ =ce^. (118) 
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which is the light-like, i.e., 

p% = p"V = ° ( 119 ) 

due to Eq. (116), and hence conservation law (114) can be expressed as a covariant form 

= 0. (120) 
dt y ' 

It is interesting to note that the luxon exists only as a quantum object in our universe as 
far as we know. In this case, with the help of the Einstein relation for the photon or neutrino 

E = tick, p = hkk, (121) 

the function (115) is found to be 

(dt/drj) f = hk. (122) 



V. SUMMARY AND CONCLUDING REMARKS 

In this paper we have presented the classical foundation of the relativistic dynamics including 
the tachyon. An anomalous sign-factor in the transformation of \Jl — u 2 /c 2 under the Lorentz 
transformation, which is unimportant for the bradyon and has been always missed in the usual 
formulation of the tachyon, has now a crucial role in the dynamics of the tachyon. Due to this 
novel sign-factor, it is found from the consideration of the collision process that the proper-mass 
of the tachyon is not an absolute quantity in contrast to that of the bradyon, but transforms as 
k' = sign{l — u • v/c 2 }/t. Furthermore, we have shown that the tachyon's mass has a definite 
sign for a given speed in a uniformly moving system, but has the sign changed depending on 
the tachyon's velocity and the relative motion of the systems S and S'. 

On the other hand, by defining the momentum and energy as the conserved quantities of 
the form Eq. (22) and (24) in all uniformly moving systems, we have shown that the zero-point 
energy e a for any kind of the objects of the both tachyon and bradyon, which has been known as 
the undetermined constant, should satisfy some constraints ,i.e., e a = for the strictly neutral 
particles and e a particle = —£a antiparticie in other cases however remainly undetermined for the 
latter case for consistency. Furthermore, especially for the case of e a = for all a as in the 
usual conventions, it is found that the energy and momentum for the tachyon as well as the 
bradyon satisfy the usual four-vector transformation such that the energy for the tachyon does 
not have the invariant sign of the energy, but the sign can be changed depending on the object's 
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velocity and the relative motion of the two systems of coordinates S and S' in contrast to that 
of the bradyon. However, we have noted that this transformation formulas can not be obtained 
from the usual formulation of the tachyon in contrast to the usual belief such that the original 
motivation of the BDSF's reinterpretation principle, if it applies to our Nature, can not be 
found in the usual formulation but only in our new formulation of the tachyon. 

As an alternative approach we have also presented the least action approach to the tachyon 
dynamics. Although it is not clear whether this approach can be also applied to the tachyon 
since the situation of At = for the time interval along the world-line can not be avoided 
for any tachyon such that there are some ambiguities in deriving the equations of motion. 
However, we have shown that this can be really also applied to the tachyon with the help of 
the reparametrization invariance of the action, and the essential results for the tachyon of the 
elementary approach of Sec. II can be also rederived in this approach. 

Furthermore, we have shown that an unambiguous description of the luxon dynamics is 
possible with the help of the least action approach, which has not been clear in the approach 
of Sec. II. In this approach, to this end a new dynamical variable £ with the parameter 77 of 
the luxon's world-line should have been introduced to the action and with the help of these 
new variables, the usual energy- momentum relation for the luxon (116) is proved without any 
ambiguity. Furthermore, it is shown that in this approach the energy and momentum of the 
luxon also satisfy the usual transformation like as the tachyon and bradyon, which has not been 
proved in the usual classical mechanical formulation. Moreover, with the help of this energy 
and momentum transformation under the Lorentz transformation, the zero-point energy for any 
kind of the luxons should also satisfy the same constraints as in the case of the tachyon and 
bradyon of Sec. II, if we maintain the definition of the energy and momentum as the conserved 
quantities for all the systems of coordinates and all the possible process of the collision like as 
the case of the tachyon and bradyon. Especially, for the case of the photon it's zero-point energy 
should be zero due to the fact that it is clearly " the strictly neutral particles " . Moreover, we 
have noted that the luxon exists only as a quantum object as far as we know, and hence in 
that case the newly introduced variables £ combined with r\ are related with the variables of 
the wavicle. 

Irrespective of these results, there are several problems for the tachyon, which should be 
clarified, as a) the problem of the causality violation [2,3,4], b) the problem of the Cerenkov 
effect in the vacuum [29,30], and c) the problem of the quantization [2,9]. 

For the causality violation by noting that this effect is essentially due to the interaction 
between the tachyon and bradyon [2,3,4], we are questioning whether some conditions on the 
interaction modes, which obstruct the measurement of the effect, can be obtained from the 
detailed analysis of their interaction. Or the usual concept of the space and time, which are 
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defined by the measuring rods and clocks at rest relatively to that system " without references 
" to the motions, and the properties of the measured object may not be applied to the case 
of the tachyon, and be needed modification in order to recover the causality in this case also. 
On the other hand, in our opinion it is questionable whether the principle of causality can be 
considered as the fundamental principle of our Nature like as the principles of the theory of 
relativity, and hence we might think that the communication via the bradyon or luxon is a 
special case of the preservation of causality but not true in general with the tachyon. 

For the Cerenkov effect in the vacuum, there has been no complete agreement for the effect 
in relation mainly with the non-covariance of this effect, i.e., " the transient tachyon problem 
" [8,30], which states that the transient charged tachyon, i.e., zero energy (considered as the 
lowest energy) tachyon does not radiate, but some radiation should be observed in other systems 
due to the non-invariance of the property of the transient tachyon such that the principle of 
relativity is violated if there exist Cerenkov effect in the vacuum. But, here we note that this 
may be not the case essentially because in the case of the tachyon the zero energy is not the 
lowest energy state of it. Rather there are the lower states, i.e., the negative energy states 
such that the zero energy tachyon may also radiate if there is the Cerenkov radiation for the 
positive energy tachyon. The reason for the inclusion of the negative energy states into the 
energy range of the tachyon is that firstly, the tachyons having different sign of the energy and 
hence of the mass are connected by the Lorentz transformation, and secondly there is no energy 
gap in the energy spectrum in contrast to the case of the bradyon (Fig. 11). However, it is not 
clear whether this modified view can provide the consistent covariant theory of the Cerenkov 
effect. Furthermore, we note that the effect depends on the microscopic structure of the tachyon 
like as the self-energy problem such that we can imagine the complete understanding can be 
obtained only after the quantization. So far our understanding for the Cerenkov effect has been 
restricted to the usual coupling, i.e., minimal couplings. So it would be interesting to study 
the Cerenkov effect for the non-minimal coupling for the tachyon. However, we note that the 
minimal coupling is remainly good coupling for the case of the "charged" luxon as in the case 
of the bradyon. In this case, by considering the Lorentz invariant electric charge q of the luxon 
[31], the total action becomes 




(123) 



for the particle position x^{rj), and the equation of motion becomes 



d dx 
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or with the physical time t 



d __ , „ diOu^ , . 

Tt p " = * Ht' < 125 > 



where dx^/dt = c(l,k). Note that this interaction does not induce the Cerenkov radiation in 
vacuum. 

Now, for the quantization, it has been noted that a new method of quantization is needed in 
the field quantization theory for the tachyon, but no consistent method has been suggested so 
far [2,9]. Here we note that more fundamentally the quantum theory of the tachyon, if it exists, 
is different from the usual quantum theory of the bradyon by considering the measurement of 
the momentum and coordinate of a tachyon. 

To this end we first note that for the coordinate measurement at a time t the uncertainty 
of the coordinate Ax for one object is related by the uncertainty of the momentum Ap as 

Ax (i ) > ^ (126) 

according to the Heisenberg's uncertainty principle. Then, it is easy to see that for the bradyon 
there is a lower bound for the magnitude of the right-hand side of the relation (126) as h/ (2m c) 
[32] since i) for the one object case, 2m c is the maximum uncertainty of the momentum for it's 
validity according to the usual particle and anti-particle theory indirectly due to the existence 
of the maximum uncertainty for the energy [33], and ii) for the many object case, i.e., when 
the many object and anti-object pairs are produced from the high momentum transfer Ap in 
the measurement process, Ax (uncertainty of coordinate for each object) behaves as ~ AX/iV 
as AP behaves as ~ Nitlqc (AX and AP represent the uncertainty of the coordinate and 
momentum for the total system of the many objects respectively). Hence, in the quantum theory 
it is, in principle, impossible to make an arbitrarily accurate measurement of the coordinate 
of the bradyon. This property is still satisfied even by the tachyon although the situation is 
different. In this case there is also a lower bound directly due to the existence of the maximum 
uncertainty of the momentum for maintaining the number of the objects although there is no 
maximum uncertainty for the energy in that case (Fig. 11, 12) both for the one object case and 
many object case similarly to the analysis of the bradyon. Hence, as for the measurement of 
the coordinate the tachyon and bradyon behave similarly, i.e., it is, in principle, impossible to 
make an arbitrarily accurate measurement of the coordinate for the case of the both tachyon 
and bradyon [34]. 

However, this is not case for the momentum measurement. To see this we note that, 
following the argument of Landau and Peierls [32], for the momentum measurement during a 
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time interval At, the uncertainty of the momentum Ap is related as 

ApAt > - (127) 
(u — u') 

by applying the Heisenberg's uncertainty principle, where u and u' are the velocities of the 
tachyon before and after the measurement. Now it is easy to see that, for the bradyon, there 
is a lower bound for the right-hand side of the relation (127) as h/c, due to the velocity limit 
of the bradyon c, such that in the relativistic quantum theory it is, in principle, impossible to 
make an arbitrarily accurate and rapid measurement of the momentum. On the other hand, 
this is not true for the case of the tachyon since in this case there is no upper velocity limit 
such that any arbitrarily accurate and rapid measurement of the momentum. 

Hence in the quantum theory, if it exists, the momentum of the tachyon can act as the 
dynamical variable in contrast to the case of the relativistic bradyon such that the physical 
significance of the momentum-space wavefunction y?(p) is as important as that of the non- 
relativistic bradyon. However, the coordinate of the tachyon can not act as the dynamical 
variable similar to the case of the relativistic bradyon such that the wavefunction ?/>(x, t) is 
not as important as that of the non-relativistic case. In this sense the quantum theory of the 
tachyon resembles that of the non-relativistic quantum theory of the bradyon in one aspect, i.e., 
momentum measurement, but resembles that of the relativistic quantum theory of the bradyon 
in another aspect, i.e., coordinate measurement. In other words, the quantum theory of the 
tachyon, if it exists, would be a mixture of the relativistic and non-relativistic quantum theory 
of the bradyon. Furthermore, we are questioning whether, due to these peculiar properties, the 
divergence problem of the usual quantum field theory of the bradyon does not appear in the 
case of the tachyon since the problem is not independent on the limit of the accuracy for the 
measurement of the coordinate and the momentum. 

Finally, we hope that through further investigation the consistent dynamics of the tachyon 
including the interaction will be established. 
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FIGURES CAPTIONS 

Fig. 1 : For the case of the bradyon, all the directions of the velocity of the moving object 
relative to the rest object in S are equivalent due to the isotropy of the space. So, if there is the 
mass relation between the objects moving relative to the rest one for the same kind of objects, 
the transformation function should not depend on the direction of the velocity of the moving 
object. 

Fig. 2 : For the case of the tachyon, all the directions of the velocity of the general tachyons 
relative to the tachyon with m 2 = 2c 2 in S are not equivalent due to the asymmetry of the sit- 
uation. So, if there is any relation between the masses of the general tachyons moving relative 
to the tachyons with u 2 a = 2c 2 for the same kinds, the function can be depend on the velocity 
of the tachyon relative to the tachyon with u\ = 2c 2 in general. 

Fig. 3 : If the mass of the tachyon depends on the direction of the velocity for a given speed, 
it should be also changed for the different orientations of the coordinates. But this is not allowed 
in order that the total energy and momentum of Eqs. (4) and (5) are conserved in any orien- 
tation of coordinates because the bradyon's mass is independent on the direction of the velocity. 

Fig. 4 : In order that the momentum is also conserved in the system S', J2 a e a should be 
conserved, i.e., Y^ i= i £<h — J2a f =i e a f according to Eq. (25) or (26), as well as the energy and 
momentum conservation. 

Fig. 5 : For the bradyonic world-line, the world- velocity w M is time-like, i.e., u^u^ = c 2 > 0, 
while the world-acceleration a M is space-like, i.e., a^a^ = — a 2 c 2 {l — (-u 2 /c 2 )sin 2 0}/{c 2 (l — 
■u 2 /c 2 ) 3 } < for any angle between a and u. 

Fig. 6 : For the tachyonic world-line, the world- velocity t M is space-like, i.e., tH^ = 
— c 2 < 0, while the world-acceleration is space-like or time-like or light-like, i.e., the sign of 
a t a ^ t = — a 2 c 2 {l — (w 2 /c 2 )sin 2 0}/{c 2 (l — w 2 /c 2 ) 3 } depends on the angle for a given velocity u. 

Fig. 7 : Virtual variation of the bradyonic trajectory in the space-time diagram with the 
conditions 8x(ti) = 5x(i 2 ) = 0. The virtual variation 5x defines the variation with fixed time t 
such that S(dx./dt) = d(5x)/dt. Furthermore, the variations are restricted to the time-like cone. 

Fig. 8 : Usual variation when applied to the tachyonic trajectory. However, this method 
with fixed time is doubtful for the infinite velocity tachyon, where the time interval always 
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vanish such that there are some ambiguities in deriving the equations of motion. Furthermore, 
since any tachyon can be made to have the infinite velocity by choosing an appropriate system 
of coordinates, this problem can not be avoided for any tachyon. 

Fig. 9 : Variation in (A, x) space for the tachyonic trajectory. In this space there are no 
ambiguities for any tachyon: the ambiguity at u = oo is transferred to the ambiguity at u — c, 
i.e., the case of the luxon such that there is no problem for the tachyon. The allowed trajecto- 
ries are restricted to the space-like cone except A = plane. 

Fig. 10 : A possible function dependence of t and A for the infinite- velocity tachyon accord- 
ing to the relation (43). In this case the physical time t is (constant) function of A, but A is 
not a function of t in mathematical sense. 

Fig. 11 : There is no energy gap in the energy spectrum of the tachyon ((b)) in contrast to 
the energy gap 2|m |c 2 for the bradyon ((a)). 

Fig. 12 : There exists the threshold momentum kc for the creation of the tachyon ((b)) in 
contrast to the case of the bradyon ((a)). 
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